Let S(2n, k) be the variety of homogeneous polynomials of degree k in 2n variables. The authors of this paper give a computer-assisted proof that there is an analytic open set of S(4, 3) such that the surface F = 0 is a minimal homogeneous involutive variety of C 4 for all F ∈ . As part of the proof, they give an explicit example of a polynomial with rational coefficients that belongs to .
Introduction
The study of the homogeneous involutive varieties of C 2n began in 1988 with the work of J. Bernstein and V. Lunts [3] . Their interest in these varieties was prompted by the fact that they appear naturally as characteristic varieties of modules over the Weyl algebra. This is the (noncommutative) complex algebra A n generated by the coordinate functions x 1 , . . . , x n and the differential operators ∂/∂x 1 , . . . , ∂/∂x n .
The word 'involutive' here refers to the behaviour of these varieties with respect to the standard symplectic structure of C 2n given by the 2-form ω = A celebrated theorem in the theory of D-modules states that the characteristic variety of a finitely generated A n -module is always involutive. Moreover, if we endow A n with the filtration obtained by giving degree 1 to both the x i and the ∂/∂x i , then the characteristic variety of an A n -module computed with respect to this filtration will be a homogeneous subvariety of C 2n , in the sense that its ideal is homogeneous with respect to the usual grading of the polynomial ring.
In their work in [3] , Bernstein and Lunts were led to consider homogeneous involutive varieties of C 2n that are minimal in the sense that they do not contain a proper homogeneous involutive subvariety. They showed that (apart from an extra, mild hypothesis) if a finitely generated A n -module has such a minimal homogeneous involutive variety for its characteristic variety, then it must be simple.
Since an involutive variety must have dimension greater than or equal to n, all irreducible homogeneous involutive varieties of dimension n must be minimal. The main result of [3] is the following theorem. 4 ] is a homogeneous generic polynomial of degree k 4, then the hypersurface Z(F ) is a minimal involutive homogeneous variety of C 4 .
On homogenous minimal involutive varieties
We must explain what we mean by 'a generic polynomial' in this context. First of all, we may identify the space S(2n, k) of all homogeneous polynomials in 2n variables and degree k with the affine space of dimension 2n+k k . Then, 'general' means that the set of polynomials F for which Z(F ) is not a minimal involutive homogeneous variety is contained in a countable union of hypersurfaces of S(2n, k).
This result was later generalized by Lunts [15] to all n 2 and k 4, and by T. McCune [16] to k = 3 and n = 2. It should be pointed out that although these results imply that 'most' polynomials of degree k 3 give rise to minimal involutive hypersurfaces in C 4 , the proofs given in [3] , [15] and [16] do not allow one to write down any explicit examples of such polynomials -say, one with rational coefficients, with which one might try a few computations.
In order to prove Theorem 1.1, Bernstein and Lunts look at the direction field induced on the complex projective space P 3 by the hamiltonian vector field h F of C 4 . This places the problem in the framework of the theory of holomorphic foliations, and allows one to use all the machinery that has been developed in this field. Indeed, similar problems have been studied for foliations over projective space for many years, notably by Jouanolou, Lins Neto and Soares [11, 13, 14, 18] .
Our aim in this paper is twofold. First, we use methods from symbolic and numerical computation to obtain an example of a polynomial of degree 3 such that Z(F ) is a minimal involutive homogeneous subvariety of C 4 . Then we use this example to prove the following theorem. We prove the theorem using the method developed by Lins Neto in [13] , together with an index theorem for singular foliations on surfaces proved by Suwa [19, Theorem 2.1] . The same strategy can also be applied to polynomials of degree 4, the only constraint being the time taken by the computations. However, in order to apply it to polynomials of degree higher than 4, one would have to generalise Proposition 3.7.
The paper is divided into six sections. Section 2 contains a summary of some of the basic results on singular foliations that we require. Section 3 is devoted to the strategy used in the algorithm that checks whether a given polynomial determines a minimal involutive homogeneous hypersurface of C 4 . The algorithm itself is described in Section 4, while details of its implementation and application can be found in Section 5. The proof of Theorem 1.2 is the subject of Section 6.
Holomorphic foliations
Let X be a smooth complex algebraic variety of dimension n.A one-dimensional foliation over X is a map θ : 1 X −→ L from the sheaf of Kähler differentials to some line bundle L over X. From now on, we will refer to such a map simply as a foliation of X.
A singularity of θ is a point p ∈ X at which θ is not surjective. The set of all singular points of θ is an algebraic subvariety of X denoted by Sing(θ ). From now on, we assume that all the foliations that we consider in this paper have a finite set of singular points. We say that an algebraic subvariety Y of X is invariant under θ if there exists a map 1 Y −→ L| Y such that the following diagram is commutative.
Given p ∈ X, there exists a neighbourhood U of p with coordinates x 1 , . . . , x n such that θ is represented on U by a vector field
where the g i are regular functions on U . Note that p is a singular point of θ if and only if θ U (p) = 0. If p ∈ Sing(θ ) ∩ U , we write J p (θ ) for the 1-jet of θ U at p. The 1-jet is independent of the choice of local coordinates, and it is equal to the jacobian matrix of the map U −→ C n which sends q ∈ U to the vector (g 1 (q), . . . , g n (q)). The singularity p is said to be nondegenerate if det(J p (θ )) = 0. The foliation θ is nondegenerate if all its singular points are nondenegerate. The characteristic exponents of θ at a nondegenerate singularity p are the ratios λ/λ , where λ and λ are eigenvalues of J p (θ ). We say that θ is of Poincaré type if all its singularities are nondegenerate and none of its characteristic exponents is a real number. We require this hypothesis in order to use the following consequence of [14, Proposition 2.5, p. 656].
Proposition 2.1. Let θ be a nondegenerate foliation of Poincaré type, and assume that C is an algebraic curve invariant under θ . If C is singular at some p ∈ Sing(θ ), then it has at most n smooth analytic branches through p.
From now on we assume that X has dimension 2. The key result that we use in this paper is a theorem of Suwa's [19, Theorem 2.1] . In order to state it, we must define the index ind p (θ, C) of [19, p. 2991] , where C ⊂ X is an algebraic curve invariant under θ and p ∈ Sing(θ ) ∩ C. However, instead of giving the definition in full generality, we will do it only for nondegenerate foliations of Poincaré type. If θ is such a foliation, then it follows from Poincaré's theorem [1, Chapter 5, §24, p. 187] that the germ of vector field θ p is biholomorphically equivalent to λx ∂/∂x + λ y ∂/∂y, where λ and λ are the (nonzero) eigenvalues of J p (θ ) at p. Moreover, the same hypotheses, together with Proposition 2.1, imply that the holomorphic germ of C at p is given in the local coordinate system at p by one of the following three equations: x = 0, y = 0, or xy = 0. Thus, by [19 
if the germ is given by x = 0; λ/λ if the germ is given by y = 0; (λ + λ) 2 
/λλ
if the germ is given by xy = 0.
Define
Note that if C is singular at a nondegenerate singularity p of θ , then the formula above gives Let m 1 be an integer, and let P m be the complex projective space of dimension m, with homogeneous coordinates x 0 , . . . , x m . We denote by U j the open set of P m defined by x j = 0. Given a homogeneous affine variety Y of C m+1 , we write Y for the projectivization of Y in P m . In other words, Y is the cone over Y .
It follows from the Euler exact sequence that a map θ : 
On the other hand, if Y is the projective subvariety of P m determined by the homogeneous radical ideal I , then Y is invariant under θ if and only if
A foliation of P m determines (and is determined by) a vector field θ j of U j . This vector field is obtained by dehomogenizing θ with respect to x j . It corresponds to the projection of (θ − G j E)| x j =1 onto x j = 0, where E is the Euler vector field. Identifying U j with C m in the usual way, we find that
It is easy to see that p ∈ U j is a singular point of θ if and only if θ j (p) = 0.
Suppose now that m = 2n − 1. We say that the foliation θ is hamiltonian if there exists a homogeneous polynomial F of degree k in x 1 , . . . , x 2n such that
We write h F for this homogeneous vector field.
This foliation is closely related to the symplectic geometry of C 2n , as explained in the introduction. Recall that an algebraic variety Y of C 2n is involutive if its ideal I(Y ) is closed with respect to the Poisson bracket. In other words, {F, G} ∈ I(Y ), for all F, G ∈ I(X). In particular, if Y is contained in the homogeneous hypersurface Z(F ), then
Therefore, Y is a subvariety of P 2n−1 invariant under the foliation of P 2n−1 induced by the homogeneous vector field h F . The following elementary property of the involutive varieties is used in Section 3.
The strategy
In this section we discuss the strategy to be used in proving that a given homogeneous hypersurface of C 4 is a minimal homogeneous involutive variety. We enumerate, along the way, the various hypotheses that are required for the strategy to work. We assume that once a hypothesis has been stated, it will be in force from that point onwards. Of course, the resulting algorithm will have to check each one of these hypotheses before we can be confident that it works correctly.
Let F be a homogeneous irreducible polynomial of degree k 3 in the variables x 1 , . . . , x 4 , and let X = Z(F ) in C 4 . Suppose that Y is an involutive homogeneous subvariety of C 4 contained in X. Let S = X and C = Y . It follows from Proposition 2.3 that dim C = 1. From now on, the following hypothesis will be in force.
Hypothesis 3.1. S is a smooth surface.
Thus C is a curve on S invariant under the foliation θ F induced by h F over S. The following lemma will be used often, without further comment. Proof. Denoting by h F both the hamiltonian vector field of C 4 and the foliation that it induces on P 3 , we see that θ F = (h F ) |S . In particular, since C is invariant under θ F , it is also invariant under h F . But h F is a foliation of P 3 , so it cannot have compact leaves, by [11, Proposition 4.2, p. 130] . Therefore, C ∩ Sing(h F ) = ∅. However, by [3, Lemma 2, p. 228], we know that Sing(h F ) ⊂ S. Hence, C ∩ Sing(θ F ) = ∅, which proves the lemma.
It follows from Lemma 3.2 that we can apply Theorem 2.2 to θ F and C. Hence, there is a sum of characteristic exponents of θ F that is an integer. Therefore, if we could show that there are no integral sums of characteristic exponents of θ F , then we would conclude that X does not contain any involutive subvarieties. However, the sum of all the characteristic exponents of θ F is always integral. This follows from a famous theorem of Baum and Bott [2, Theorem 1, p. 280]. Let λ p and λ p be the eigenvalues of J p (θ F ) at a singularity p ∈ Sing(θ F ). Denote by S(θ F ) the sum of (λ p + λ p ) 2 /λ p λ p , for all p ∈ Sing(θ F ). In order to apply the Baum-Bott theorem more easily, we make our second hypothesis. 
where h is the hyperplane section of S. Since h 2 = k, it follows that
as required.
Our next result is also a consequence of the Baum-Bott theorem. 
it follows that the sum of all the characteristic exponents over all the singular points of θ F is equal to
This is enough to show that if a curve is invariant under θ F , then it cannot be singular at all the singularities of θ F . 
where g is the genus of the normalization of C. Hence
But we are assuming that S(C, θ) = S(θ). Thus, by Theorems 2.2 and 3.4,
It then follows that
The right-hand side of this equation is negative for all k 3. Since the left-hand side is positive for k = 3 and k = 4, we obtain a contradiction in these two cases, and the proposition is proved.
The algorithm
In this section we give a step-by-step description of the algorithm whose strategy was discussed in Section 3. We explain what each step does, and what kind of computation has to be performed in order to achieve it. The significance of Step 4 is discussed at the end of this section.
Much of the work done by the algorithm is aimed at checking Hypotheses 3.1 (Step 1) and 3.3 (Steps 5 and 7). Let F be a homogeneous polynomial on x 1 , x 2 , x 3 and x 4 with rational coefficients. Throughout this section we denote by h F both the hamiltonian vector field defined by F , and the foliation induced by h F on P 3 , while θ F is the foliation induced by the vector field h F on the surface F = 0. We also write m(k)
Output: an error message, or 'The hypersurface defined by F is minimal involutive homogeneous.'
Step 1 checks that Z(F ) is smooth.
Compute the radical of the ideal generated by F and its partial derivatives. If it is not equal to (
The projective surface is not smooth.'
and stop.
Step 2 checks that all singularities of h F belong to U 4 .
Compute the radical of the ideal generated by x 4 and the minors of the matrix
If it is not equal to (x 1 , x 2 , x 3 , x 4 ), print 'There are singularities at infinity.'
Step 3 finds a vector field that determines the foliation h F in U 4 ∼ = C 3 .
We use x 1 , x 2 , x 3 to denote the coordinates at U 4 . Compute and stop.
Step 6 computes the polynomial of characteristic exponents of the foliation defined by θ F . Denote by M(λ) the ideal generated by the 3 × 3 minors of the 4 × 3 matrix
Let I be the ideal defined by h 1 , h 2 , h 3 , λt − λ , M(λ) and M(λ ). Compute a Gröbner basis G of I with respect to the lexicographic order with
using the FGLM algorithm [7] . Since I is zero-dimensional, it must contain a polynomial in the variable t. Moreover, this polynomial can be written in the form (t − 1)p(t) because the zero set of I will always admit solutions with λ = λ . If p(t) is reducible, print 'The polynomial of characteristic exponents is reducible.'
Step 7 checks whether the foliation θ F is of Poincaré type. Apply Sturm's theorem [6, p. 108 
] to p(t). If p(t) has real roots, print
'The foliation is not of Poincaré type.'
Step 8 checks that the polynomial of characteristic exponents has maximum degree. If deg(p(t)) < 2m(k), print 'There are repeated characteristic exponents.'
Step 9 computes the characteristic exponents. Compute approximations of the roots of p(t) with a sufficiently small error.
Step 10 checks if there is a sum of characteristic exponents that is an integer. Check if any sum of 2m(k) − 1, or fewer, of these roots is an integer. If there is a sum which is an integer, print 'There are integral sums of characteristic exponents.' and stop; otherwise, print 'The hypersurface defined by F is minimal involutive homogeneous.'
We must still discuss the significance of Step 4, especially in its relation to Step 10. The purpose of Step 10 is to show that no sum of indices ind p (θ F ), with p ranging in some proper subset of Sing(θ F ), is integral. However, what has actually been implemented is a test to determine if there exists a sum of r distinct characteristic exponents that is integral, for some r < 2m(k). Of course, for this strategy to work, the m(k) singularities of θ F must be distinct, and different singularities must have different characteristic exponents. This is where Step 4 comes to our aid.
First of all, in this step we are checking that a certain ideal is radical. This is done with the help of the following result of Seidenberg [12, Proposition 3.7.15, p. 250]. 
Now it follows from
Step 2 that the number of singularities of θ F (counted with multiplicity) is equal to the dimension of
as a vector space over Q. Thus, if (h 1 , h 2 , h 3 ) is radical, then all the singularities must be distinct. Therefore, if θ F passes the test of Step 4, then we can be certain that it has m(k) distinct singularities.
We must now show that the last coordinate of any two distinct points of the set
are distinct. Let I be the ideal defined at Step 6, and denote by I the ideal generated by I and the polynomial s(t
Then W = Z(J ). We show the required result using the following lemma. 
The reduced Gröbner basis of I with respect to the lexicographical order is of the form
2. The polynomial g n has d = deg g n distinct roots α 1 , . . . , α d in C, and
In particular, the last coordinates of any two distinct points of Z(I ) are distinct.
We have already checked (in Steps 4 and 8) that J is a zero-dimensional ideal and that the monic generator of Q[t] ∩ J has the correct dimension. Thus, we need only to show that J is radical, and the required result will hold. However,
for 1 i 3. But we have already shown in Step 4 that g i is irreducible over Q. Therefore,
and p(t) is irreducible by Step 6, it follows that J ∩ Q[t] is a prime ideal of Q[t]. Therefore, by Seidenberg's lemma, J is a radical ideal of the polynomial ring Q[x 1 , x 2 , x 3 , t].
Implementation and results
The algorithm described in the previous section consists of ten steps. The first eight are done symbolically, while the last two steps perform numerical computations in floatingpoint arithmetic. We implemented the symbolic steps using the computer algebra system Singular (Version 2-0-3) [8] . We also used the numerical library available in Singular to compute the characteristic exponents. However, the Singular program that we wrote to check whether the various sums of characteristic exponents were integers proved to be too slow. This led us to implement this part of the algorithm directly in C. Thus we have split the algorithm of the previous section into three files (see Appendix A).
• procedures is implemented in Singular. It contains the procedures that are required to perform the steps described in Section 4.
• main is also implemented in Singular. It performs Steps 1 to 9 and returns a file (roots.txt) with the real and imaginary parts of the characteristic exponents of θ F computed to 15 decimal digits.
• sums is implemented in C, and corresponds to Step 10. Its input is the file output of main, and its output is a file out.txt.
Upon receiving its input, sums checks that no sum of r characteristic exponents is integral, for r m(k). Note that we need not check sums of more than m(k) exponents because we know from Theorem 3.4 that the sum of all the characteristic exponents is an integer. This quite dramatically reduces the time required for computing these sums.
We implemented an algorithm that computes the sums through a number of nested for loops. This program assumes that k = 3, and that the characteristic exponents are complex numbers whose real part has modulus at most 2.
The real and imaginary parts of the numbers used in sums are represented in the type double, which guarantees a precision of 15 significant digits. Since at most two digits are enough to represent the integer part of the mantissa of each one of the sums, at least 13 digits remain available for the decimal part. Thus, the absolute error in the representation of each characteristic exponent cannot exceed 10 −13 . Moreover, we have to sum at most m(k) of these numbers. Therefore, the absolute error for each of these sums cannot exceed m(k) · 10 −13 . For k = 3 this gives an error of at most 10 −11 , which means that we can definitely trust the first 10 decimal digits of the mantissa. The program sums takes a number not to be an integer if any of these 10 digits is nonzero, and if they are not all equal to 9.
We now present the results that we obtained by applying the algorithm to the following polynomial of degree 3:
The characteristic exponents of θ F are the roots of an irreducible one-variable polynomial of degree 30, namely No sum of 15, or fewer, numbers chosen from among these roots and their complex conjugates is an integer. Thus the involutive homogeneous hypersurface Z(F ) must be minimal.
Running under Windows Me on a PC with a Pentium III processor at 1.0 GHz, the program main took 211 seconds to produce the list of roots given above, while sums returned its verdict within 696 seconds.
Proof of Theorem 1.2
In this section we prove Theorem 1.2. Throughout the section we assume that there exists a homogeneous polynomial
1 has nonzero coefficient in F ; • no sum of r characteristic exponents of θ F is an integer, for any r < m(k).
For k = 3, we can take F to be the polynomial displayed in Section 5.
As in Section 1, we identify S(4, k) with A N(k) , where
be the class of F ∈ A N(k) in the projective space P N(k)−1 , and write
where E is the Euler vector field. A 3 (p) ), and denote by J (F ) the jacobian of G with respect to x 1 , x 2 and x 3 . Consider the matrices
Writing M(C) for the ideal of maximal minors of a matrix C, let Choose a polynomial F 0 ∈ V 0 such that Sing(h F 0 ) = {p 1 , . . . , p m(k) }. Since h F 0 is nondegenerate at p j ∈ Sing(h F 0 ), it follows that the jacobian of G 0 with respect to the coordinates of C 3 is nonzero. Since the eigenvalues of θ F at ψ i (F ) are distinct, it follows that the discriminant of this equation is nonzero. Hence, by shrinking U(F 0 ) if necessary, we can construct a holomorphic function ρ i : U(F 0 ) −→ C such that ρ i (F ) satisfies (6.1), for every F ∈ U(F 0 ). We will define locally at F 0 as follows. Given a subset S of S k = {1, . . . , m(k)} and F ∈ U(F 0 ), set ρ S (F ) =
i∈S ρ i (F ).
Since Z is a closed subset of C in the analytic topology, it follows that ρ 
S (Z).
Note that if ∩ U(F 0 ) is nonempty, then it must be dense in U(F 0 ). Moreover, F ∈ ∩ U(F ) = ∅. Since V 0 is connected, it follows that must be be a dense nonempty set of V 0 , and so also of P N(k)−1 .
